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A class of III factors with many non conjugate 

Cartan subalgebras 



BY An SPEELMA^ (^) AND StEFAAN VAES (^^ 



Abstract 

We construct a class of IIi factors M that admit unclassifiably many Cartan subalgebras 
in the sense that the equivalence relation of being conjugate by an automorphism of M 
is complete analytic, in particular non Borel. We also construct a IIi factor that admits 
uncountably many non isomorphic group measure space decompositions, all involving the 
same group G. So G is a group that admits uncountably many non stably orbit equivalent 
(<— ^ I actions whose crossed product IIi factors are all isomorphic. 
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1^ ■ 1 Introduction 

(n: 

Free ergodic probability measure preserving (p.m. p.) actions T r\ {X,fi) of countable groups 
^ ', give rise to IIi factors L°°{X) xi F by Murray and von Neumann's group measure space con- 

struction. In [Si55j it was shown that the isomorphism class of L°°(X) xi F only depends on 
the orbit equivalence relation on (X, ji) given byx~yiffa:GF-y. More precisely, two free 
ergodic p.m. p. actions V r\ X and K r\Y are orbit equivalent iff there exists an isomorphism 
of L~(X) X F onto L~(y) x A sending L~(X) onto L~(y). 

If F r% (X, n) is essentially free and M := L°°(X) x F, then A := L°°(X) is a maximal abehan 
^^ _ subalgebra of M that is regular: the group of unitaries u E U{M) that normalize A in the sense 

^ ■ that uAu* = A, spans a dense *-subalgebra of M. A regular maximal abelian subalgebra of a 

^ , III factor is called a Cartan subalgebra. 

^T) • In order to classify classes of group measure space IIi factors M := L°°(A') x F in terms of the 

group action F r\ {X,fi), one must solve two different problems. First one should understand 

C^ I whether the Cartan subalgebra h°°{X) C M is, in some sense, unique. If this is the case, any 

other group measure space decomposition M = L°°{Y) x A must come from an orbit equivalence 
between T r\ X and A r\ Y. The second problem is then to classify the corresponding class 
of orbit equivalence relations 7^(F r\ X) in terms of the group action. Both problems are 

, . notoriously hard, but a huge progress has been made over the last 10 years thanks to Sorin 

i^ ■ Popa's deformation/rigidity theory (see |Po06al iGalOl IValOal for surveys). In particular, many 

C^ I uniqueness results for Cartan subalgebras and group measure space Cartan subalgebras have 

been established recently in |UP07l IUP081 iPeOQl IPV091 iFVlOl IUPToI IMP V 101 IValObi HoTTl 
[CSTT] . 

In this paper we concentrate on "negative" solutions to the first problem by exhibiting a class 
of III factors with many Cartan subalgebras. First recall that two Cartan subalgebras A C M 
and S C M of a IIi factor are called unitarily conjugate if there exists a unitary u G U{M) 
such that B = uAu*. The Cartan subalgebras are called conjugate by an automorphism if 
there exists a E AutM such that B = a{A). In |CFW8l] it is shown that the hyperfinite 
III factor R has a unique Cartan subalgebra up to conjugacy by an automorphism of R. By 
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|FM75t Theorem 7] (see |Pa83l Section 4] for details) the hyperfinite IIi factor however admits 
uncountably many Cartan subalgebras that are not unitarily conjugate. In |CJ82j Connes and 
Jones constructed the first example of a IIi factor that admits two Cartan subalgebras that are 
not conjugate by an automorphism. More explicit examples of this phenomenon were found in 
pPOSl Section 7] and |PV09l Example 5.8]. 

In |Po06bl Section 6.1] Popa discovered a free ergodic p.m.p. action F r\ {X,fi) such that 
the orbit equivalence relation TZ{T r\ X) has trivial fundamental group, while the IIi factor 
M := L°°(X) >] r has fundamental group M-f. Associated with this is a one parameter family 
At of Cartan subalgebras of M that are not conjugate by an automorphism of M. Indeed, put 
A := L°°{X) and for every t £ (0, 1], choose a projection pt £ A of trace t and a *-isomorphism 
vTj : ptMpt -> M. Put At := TTt{Apt). Then At C M, t G (0,1], are Cartan subalgebras that 
are not conjugate by an automorphism. Note that earlier (see |Po901 Corollary of Theorem 
3] and |Po86l Corollary 4.7.2]) Popa found free ergodic p.m.p. actions F r\ {X,iJ,) such that 
the equivalence relation TZ{T r\ X) has countable fundamental group, while the IIi factor 
L°°(X) XI F has fundamental group R+. By the same construction, there are uncountably 
many t such that the Cartan subalgebras At are not conjugate by an automorphism. In all 
these cases, although the Cartan subalgebras At G M are not conjugate by an automorphism 
of M, they are by construction conjugate by a stable automorphism of M. More precisely, we 
say that two Cartan subalgebras A C M and B G M are conjugate by a stable automorphism 
of M if there exist non zero projections p £ A, q £ B and a *-isomorphism a : pMp — t- qMq 
satisfying a{Ap) = Bq. 

In this paper we provide the first class of IIi factors M that admit uncountably many Cartan 
subalgebras that are not conjugate by a stable automorphism of M. Actually we obtain IIi 
factors M such that the equivalence relation "being conjugate by an automorphism" on the set 
of Cartan subalgebras of M is complete analytic, in particular non Borel. In this precise sense 
the decision problem whether two Cartan subalgebras of these IIi factors M are conjugate by 
an automorphism, is as hard as it can possibly get (see Remark I14|) . Using Popa's conjugacy 
criterion for Cartan subalgebras [PoOH Theorem A.l], we show that for any IIi factor with 
separable predual, the set of Cartan subalgebras is a standard Borel space and the equivalence 
relation "being unitarily conjugate" is always Borel. We provide examples of IIi factors where 
this equivalence relation is not concretely classifiable. 

The "many" Cartan subalgebras in the IIi factors M in the previous paragraph are not of 
group measure space type. In the final section of the paper we give the first example of a IIi 
factor that admits uncountably many Cartan subalgebras that are not conjugate by a (stable) 
automorphism and that all arise from a group measure space construction. They actually all 
arise as the crossed product with a single group G. This means that we construct a group G 
that admits uncountably many free ergodic p.m.p. actions G r\ {Xi,fj,i) that are non stably 
orbit equivalent, but such that the IIi factors L°°(Xj) x G are all isomorphic. This group G 
should be opposed to the classes of groups considered in |PV09l IFVlOl ICPlOl IHPVIOI IValOb] 
for which isomorphism of the group measure space IIi factors always implies orbit equivalence 
of the group actions. 

Terminology 

A Cartan subalgebra j4 of a IIi factor M is a maximal abelian von Neumann subalgebra whose 
normalizer 

AfM{A) := {u G U{M) I uAu* = A} 



generates M as a von Neumann algebra. As mentioned above, we say that two Cartan subal- 
gebras A C M and B G M are unitarily conjugate if there exists a unitary u G IA{M) such that 
uAu* = B. We say that they are conjugate by an automorphism of M if there exists a G Aut M 
such that a{A) = B. Finally A and B are said to be conjugate by a stable automorphism of 
M if there exist non zero projections p €z A, q £ B and a *-isomorphism a : pMp — )• qMq 
satisfying a{Ap) = Bq. 

By |FM75j every IIi equivalence relation TZ on {X, fi) gives rise to a IIi factor hTZ that contains 
L^(X) as a Cartan subalgebra. Conversely, if L°°{X) = ^4 C M is an arbitrary Cartan 
subalgebra of a IIi factor M, we get a natural IIi equivalence relation TZ on {X, fi) and a 
measurable 2-cocycle on TZ with values in T such that ^ C M is canonically isomorphic with 
L°°(X) c L^7^. 

lilZi are IIi equivalence relations on the standard probability spaces {Xi,ij,i), we say that T^i 
and 7^2 are orbit equivalent if there exists a measure space isomorphism A : Xi — t- X2 such 
that {x,y) G T^-i iff (A(x),A(y)) G 7^2 almost everywhere. More generally, T^i and 7^2 are 
called stably orbit equivalent if there exist non negligible measurable subsets Ui C Xi such that 
the restricted equivalence relations T^ji^^- are orbit equivalent. 

Throughout this paper compact groups are supposed to be second countable. Two subgroups 
Ki , K2 < K of the same group K are called commensurate if Ki n K2 has finite index in both 
Ki and i^2- 

Statement of the main results 

Let r be a countable group and K a compact abelian group with countable dense subgroup 
A < K. Consider the IIi factor 

M := L°°{K^) X (F X A) 

where F r> K is the Bernoulli action given by {g ■ x)h = Xhg and A r\ K acts by diagonal 
translation: (A • x)h = Xx^. 

Whenever i^i < i^ is a closed subgroup such that Ai := A n Ki is dense in i^i, denote 

C{Ki) := L°°(K^/i^i) X Ai = L°°(i^^/Ki)^LAi . 

Note that C{Ki) is an abelian von Neumann subalgebra of M. In Lemma [6] we prove that 
C{Ki) C M is always a Cartan subalgebra. As we will see there, the density of A n Ki in Ki 
is equivalent with C{Ki) being maximal abelian in M. 

The following is our main result, providing criteria for when the Cartan subalgebras C{Ki) are 
unitarily conjugate, conjugate by a (stable) automorphism or inducing (stable) orbit equivalent 
relations. As we shall see later, concrete choices of A C i^ then lead to examples of IIi factors 
where the equivalence relation of "being conjugate by an automorphism" is complete analytic 
and where the equivalence relation of "being unitarily conjugate" is not concretely classifiable. 

Theorem 1. Let F be an ice property (T) group with [F,F] = F. Let K be a compact abelian 
group with countable dense subgroup A. As above, write M = L°°(i^ ) x (F x A). Take closed 
subgroups Ki < K , i = 1,2, such that ACi Ki is dense in Ki. 

1. The following statements are equivalent. 

• The Cartan subalgebras C{Ki) and C{K2) are unitarily conjugate. 



• The subgroups Ki,K2 < K are commensurate. 

• KKi = AK2. 

2. The following statements are equivalent. 

• The Cartan suhalgehras C{Ki) and C{K2) are conjugate by an automorphism of M . 

• The Cartan suhalgehras C{Ki) andC{K2) are stahly conjugate by an automorphism. 

• There exists a continuous automorphism 6 G AutK such that 5(A) = A and 5{AKi) = 
AK2. 

3. The following statements are equivalent. 

• The III equivalence relations associated with C{Ki) and C{K2) are orhit equivalent. 

• The III equivalence relations associated withC{Ki) andC{K2) are stahly orhit equiv- 
alent. 

• There exists a continuous automorphism 5 € AvXK such that 6{AKi) = AK2. 

In Section S] we shall see that for any IIi factor M with separable predual, the set Cartan(M) 
of its Cartan subalgebras is a standard Borel space and that moreover the equivalence relation 
of "being unitarily conjugate" is Borel, while the equivalence relation of "being conjugate by 
an automorphism" is analytic (see Proposition I12p. As the following examples show, the first 
can be non concretely classifiable, while the second can be complete analytic, hence non Borel. 

Whenever A d K \s a compact group with countable dense subgroup, we call Ki d K sd. 
admissible subgroup if Ki is closed and i^i n A is dense in Ki . 

Theorem 2. Let T be any ice property (T) group with [T,T] = T, e.g. T = SL(3, Z). 



• 



Whenever V is a set of distinct prime numbers, denote K := HpeP ^/p^ '^'^^ consider 
the dense subgroup A := ^ ^^TLjpTL. For every subset Vi d V the subgroup of K 
given by K(Vi) := OpePi ^/P^ ^■^ admissible and gives rise to a Cartan subalgebra C{T'i) 
of M := L'^{K^) X (r X A). Two such Cartan subalgebras C{Vi) and C{V2) or their 
associated equivalence relations are conjugate in any of the possible senses if and only if 
the symmetric difference Vi A V2 is finite. 

In particular the equivalence relations on Cartan(M) given by "being unitarily conjugate" 
or "being conjugate by a (stable) automorphism" are not concretely classifiable. 

• Denote by A := Q^°°' the countahly infinite direct sum of copies of the additive group 
Q. Then A admits a second countable compactification K such that for the associated 
III factor M := L°^{K ) x (F x A) the equivalence relation of "being conjugate by an 
automorphism of M" is a complete analytic equivalence relation on Cartan(M). 

In Theorem [1] the second set of statements is, at least formally, stronger than the third set 
of statements. Example [3] below shows that this difference really occurs. So in certain cases 
the Cartan subalgebras C{Ki) and C{K2) give rise to isomorphic equivalence relations, but are 
nevertheless non conjugate by an automorphism of M. The reason for this is the following : the 
Cartan inclusions C{Ki) C M come with 2-cocycles Oj ; although the associated equivalence 
relations are isomorphic, this isomorphism does not map Oi onto ^2- 

We finally observe that if Ki < K \s an infinite subgroup, the Cartan subalgebra C{Ki) C M 
is never of group measure space type. The induced equivalence relation is generated by a free 
action of a countable group (see Lemma [6]) , but the 2-cocycle is non trivial (see Remark [7]) . 



Example 3. Choose elements a, /3,7 G T that are rationally independent (i.e. generate a copy 
of Z'^ C T). Consider K = T^ and define the countable dense subgroup A < K generated by 
{a, I, a), (l,a,/3) and (1,1,7). Put Ki:=T x {1} x T and i^2 := {1} x T x T. Then, A n i^i 
is generated by (a, 1, a), (1, 1,7) and hence dense in Ki. Similarly A n K2 is dense in K2. 

We have AKi = T x a x T and AK2 = a x T x T. Hence the automorphism S{x, y, z) = {y, x, z) 
of T^ maps AKi onto AK2. It is however easy to check that there exists no automorphism 5 
of K such that <5(Ai^i) = AK2 and (5(A) = A. 

So, by Theorem [U the Cartan subalgebras C{Ki) and C{K2) of M give rise to orbit equivalent 
relations, but are not conjugate by a (stable) automorphism of M. 

In the final section of the paper we give an example of a group G that admits uncountably 
many non stably orbit equivalent actions that all give rise to the same IIi factor. The precise 
statement goes as follows and will be an immediate consequence of the more concrete, but 
involved. Proposition 1151 

Theorem 4. There exists a group G that admits uncountably many free ergodic p.m. p. actions 
G r\ (Xi,fj,i) that are non stably orbit equivalent but with all the IIi factors L°°(Xj) x G being 
isomorphic with the same IIi factor M. So this IIi factor M admits uncountably many group 
measure space Cartan subalgebras that are non conjugate by a (stable) automorphism of M. 

2 Proof of the main Theorem [1] 

We first prove the following elementary lemma that establishes the essential freeness of certain 
actions on compact groups. 

Lemma 5. Let Y be a compact group and A <Y a countable subgroup. Assume that a countable 
group r acts on Y by continuous group automorphisms (ag)ggr preserving A. Assume that for 
g ^ e the subgroup {y ^Y \ cxg{y) = y} has infinite index in Y . Equip Y with its Haar measure. 

Then the action of the semidirect product A x F onY given by {X,g) ■ y = Xag{y) is essentially 
free. 

Proof. Take {\,g) 7^ e and consider the set of y with {\,g) ■ y = y. If this set is non empty, it 
is a coset of {y £ Y \ ag{y) = y}. If 5 / e, the latter is a closed subgroup of Y with infinite 
index and hence has measure zero. So we may assume that g = e and A 7^ e, which is the 
trivial case. D 

Take a countable group T and a compact abelian group K with dense countable subgroup 
A < K. Put X := K^ and consider the action T x A r\ X given by {{g, s) ■ x)h = sx^g for all 
g,her, seA,xeX. Write M = L°°(X) x (P x A). 

Assume that Ki < K is a closed subgroup. We view L°°{X/Ki) as the subalgebra of Ki- 
invariant functions in L°°(X). We put Ai := A n Ki and define C{Ki) as the von Neumann 
subalgebra of M generated by L°°{X/Ki) and L(Ai). So, 

C{Ki) = L~(X/Ki) X Ai C M . 
Note that we can identify C{Ki) = L°°(X/Ki) ® LAi = L°°{X/Ki x A^). 



Lemma 6. With the above notations, C^Ki)' DM = C(Ai). So C{Ki) C M is maximal abelian 
iff An Ki is dense in Ki . 

In that case, C{Ki) is a Cartan subalgebra of M and the induced equivalence relation on X/Ki x 
Ai is given by the orbits of the product action of (F x KKi/Ki) x Ki on X/Ki x Ai. 

For arbitrary closed subgroups Ki < K, the intersection An Ki need not be dense in Ki. But 
putting K2 = An Ki, we always have that A n K2 is dense in K2 ■ 

Proof. By writing the Fourier decomposition of an element in M = L°°(X) x (F x A), one easily 
checks that 

(LAi)' n M = l°°(a:/aI) X (F X A) . (1) 

View X = K as a compact group and view Ki as a closed subgroup of X sitting in X 
diagonally. Put Y = X/Ki and view A/Ai as a subgroup of Y sitting in Y diagonally. By 
Lemma [5] the action F x A/Ai r> y is essentially free. From this we conclude that 

L°°(A:/i^i)' n M = V^{X) X Ai . 

In combination with ([1]) we get that C(i^i)' Pi M = C(Ai). This proves the first part of the 
lemma. 

Assume now that A n Ki is dense in Ki. We know that C{Ki) C M is maximal abelian. For 
every w G ET we define the unitary f^ € L°°(X) given by U^{x) = oj{xe)- One checks that 
C{Ki) is normalized by all unitaries in C{Ki), {[/^ | a; G K}, {ug | (7 G F} and {us \ s G A}. 
These unitaries generate M so that C{Ki) is indeed a Cartan subalgebra of M. 

It remains to analyze which automorphisms of C(-fCi) = L°°(X/i^i x Ai) are induced by the 
above normalizing unitaries. The automorphism Ad U^ only acts on Ai by first restricting a; to a 
character on Ai and then translating by this character on Ai. The automorphism Adn^, 5 G F, 
only acts on X/Ki by the quotient of the Bernoulli shift. Finally the automorphism Adug, 
s G A, also acts only on X/Ki by first projecting s onto A/Ai = KKi/Ki and then diagonally 
translating with this element. The resulting orbit equivalence relation indeed corresponds to 
the direct product of 7^(F x AKi/Ki r\ X/Ki) and TZ{Ki rxTTi). D 

Remark 7. Lemma E] says that the equivalence relation induced by C{Ki) C M is the direct 
product of the orbit relation TZ{{T x AKi/Ki) r\ X/Ki) and the hyperfinite IIi equivalence 
relation. Nevertheless, if F is an ice property (T) group, the IIi factor M is not McDuff, 
i.e. cannot be written as a tensor product of some IIi factor with the hyperfinite IIi factor. 
Indeed, by property (T), all central sequences in M lie asymptotically in the relative commutant 
(LF)' n M = LA. Since LA is abelian, it follows that M is not McDuff. So whenever F is an 
ice property (T) group, it follows that the 2-cocycle associated with the Cartan subalgebra 
C{Ki) C M is non trivial. 

To prove Theorem [H we first have to classify the orbit equivalence relations of the product 
actions (F x AKi/Ki) x Ki on X/Ki x Ai, when Ki runs through closed subgroups of K 
with A n Ki dense in Ki . These orbit equivalence relations are the direct product of the orbit 
equivalence relation of (F x AKi/Ki) r\ X/Ki and the unique hyperfinite IIi equivalence 
relation. In |PV061 Theorem 4.1], the actions (F x AKi/Ki) r\ X/Ki were classified up to 
stable orbit equivalence. In LemmaEl we redo the proof in the context of a direct product with a 
hyperfinite equivalence relation. The main difficulty is to make sure that the orbit equivalence 
"does not mix up too much" the first and second factor in the direct product. The orbit 



equivalence will however not simply split as a direct product of orbit equivalences. The main 
reason for this is that the IIi factor N := h°°(X/Ki) x (F x AKi/Ki) has property Gamma. 
Therefore we cannot apply |Po06cl Theorem 5.1], which says the following : if A^ is a IIi factor 
without property Gamma and R is the hyperfinite IIi factor, then every automorphism of 
N ^ R essentially splits as a tensor product of two automorphisms. 

To state and prove Lemma O we use the following point of view on stable orbit equivalences. 
Assume that Qi r\ Zi, i = 1,2, are free ergodic p.m. p. actions of countable groups Qi. By 
definition, a stable orbit equivalence between Qi r\ Z\ and Q2 nv .^2 is a measure space 
isomorphism ^■.lAx^lA^ between non negligible subsets Hi C Zi satisfying 

^{Qx-xr\Ux) = g2-A{x)nU2 

for a.e. x £ Ui. By ergodicity of Qi r\ Zi, we can choose a measurable map Aq : Zi ^ Ui 
satisfying Ao(x) £ Qi ■ x for a.e. x G Zi. Denote ^ := A o Aq. By construction ^ is a local 
isomorphism from Zi to Z2, meaning that ^ : Zi — t- Z2 is a Borel map such that Zi can be 
partitioned into a sequence of non negligible subsets W G Zi such that the restriction of ^ to 
any of these subsets W is a measure space isomorphism of W onto some non negligible subset 
of Z2. Also by construction ^ is orbit preserving, meaning that for a.e. x,y G Zi we have that 
xeGi -y iff ^(x) Ga2-^(y)- 

Using the inverse A^^ : Z//2 -^ Ui we analogously find an orbit preserving local isomorphism 
^ : Z2 — 7- Zi. By construction \l'(^(x)) ^ Qi ■ x for a.e. x G Zi and ^{^{y)) £ G2 ' U for a.e. 
y £ Z2- We call ^ a generalized inverse of ^. 

A measurable map ^ : Zi — )• Z2 between standard measure spaces is called a factor map iff 
^~^(V) has measure zero whenever V C Z2 has measure zero. If ^j /"^ Zi, i = 1,2, are free 
ergodic p.m. p. actions of the countable groups Gi and if ^ : Zi — t- Z2, ^ : Z2 — )■ Zi are factor 
maps satisfying 

^{Gi • x) C t/2 • ^(x) and '^(*(x)) G Gi ■ x for a.e. x G Zi , 

^(^2 -y) cGi- ^{y) and ^(^(y)) eG2-y for a.e. y e Z2 , 

then ^ and ^ are local isomorphisms, stable orbit equivalences and each other's generalized 
inverse. 

If ^, ^' : Zi — )• Z2 are factor maps that send a.e. orbits into orbits, we say that ^ and ^' are 
similar if ^'(x) G G2 " ^(x) for a.e. x G Zi. 

If r r> {X, ^) and A r\ (Y, rf) are p.m. p. actions of second countable locally compact groups 
and if 5 : r — )• A is an isomorphism, we call A : A — t- y a 6-conjugacy if A is a measure space 
isomorphism satisfying A{g ■ x) = 5{g) ■ A(x) a.e. 

We start off by the following well known and elementary lemma. For the convenience of the 
reader, we give a proof. 

Lemma 8. Let Gi ^> Zj be free ergodic p.m. p. actions of countable groups. Let ^ : Zi — )• Z2 
be a stable orbit equivalence. 

• If A < Gi is a subgroup and ^{g ■ x) = ^(x) for all g £ A and a.e. x G Zi, then A is a 
finite group. 

• If S : Gi ^ G2 is an isomorphism of Gi onto G2 cLnd ^{g ■ x) = 5{g) ■ ^(x) for all g £ Gi 
and a.e. X G Zi, then ^ is a measure space isomorphism. 



Proof. To prove the first point take a non negligible subset U C Zi such that ^p is a measure 
space isomorphism of W onto V C Z2. Since Qi r\ Z\ is essentially free, it follows that g -Uf^U 
is negligible for all 51 G A — {e}. Hence the sets {g ■U)g^\ are essentially disjoint. Since Zi has 
finite measure and U is non negligible, it follows that A is finite. 

We now prove the second point. Since ^ is a local isomorphism, the image ^{Zi) is a mea- 
surable, (5(^i)-invariant, non negligible subset of Z2. Since 5{Qi) = Q2 and Q2 r\ Z2 is ergodic, 
it follows that ^ is essentially surjective. Assume that ^ is not a measure space isomorphism. 
Since ^ is a local isomorphism, we find non negligible disjoint subsets Ui,U2 C Zi such that 
^\Uii ^ — li^, are measure space isomorphisms onto the same subset V C Z2- Since \E' is a 
stable orbit equivalence, {"^ ^u^)'^ ("^ (x)) G Gi • x for a.e. x £ Ui. Making Ui,U2 smaller, we 
may assume that there exists a, g £ Qi such that {^ \ii^)~^ {^ {x)) = g ■ x for a.e. x G Ui. Since 
Ui and U2 are disjoint, it follows that g ^ e. But it also follows that 6{g) ■ ^(x) = ^(x) for a.e. 
X £Ui. Since Q2 ^^ Z2 is essentially free, we arrive at the contradiction that 6{g) = e. D 

Lemma 9. Let T be an ice property (T) group with [F, F] = F. As above take a compact abelian 
group K with dense countable subgroup A < K . Put X := K . 

Let Ki < K, i = 1,2, be closed subgroups. Denote Gi :=T x AKi with its natural action on X 
given by 

Gi r\ K : {{g, k) ■ x)h = k Xhg for all g,h £T,k £ AKi, x £ K . 

Let Hi r\Yi be free ergodic p.m. p. actions of the countable abelian groups Hi. Assume that 

A : X/Ki X Yi ^ X/K2 X Y2 

is a stable orbit equivalence between the product actions Gi/Ki x Hi r\ X/Ki x Yi- Then there 
exists 

• a compact subgroup K[ < AKi that is commensurate with Ki, with corresponding canon- 
ical stable orbit equivalence Ai : X/K[ — )■ X/Ki between the actions Gi/K[ r\ X/K[ 
andGi/Ki r\X/Ki; 

• an automorphism 5i G AutF and an isomorphism 82 '■ AKi/K[ — )■ AK2/K2; 

• a stable orbit equivalence ^ : Yi — )■ ^2 between the actions Hi r\ Yi,- 

• a measurable family {Qy)yeYi of [51x82) -conjugacies between the actions Gi/K'-^ r\ X/K'^ 
andG2/K2r\X/K2; 

• a 6i-conjugacy 0i ofTr\ X/K; 

such that the stable orbit equivalence A o (Ai x id) is similar with the stable orbit equivalence 

e : X/K[ xYi^ X/K2 X Y2 : {x, y) ^ {ey{x), ^(y)) 
and such that Qy{xK[)K = Qi{xK) a.e. 

Note that we turn Gi into a locally compact group by requiring that Ki < Gj is a compact 
open subgroup. 

Proof. Denote 

Q:XxYi^ X/K2 X Y2 : e(x, y) = A{xKi,y) . 



Associated with the orbit map @ are two measurable famihes of cocycles: 

u}^ : Gi X X ^ G2/K2 X H2 determined by 6(5 ■ x,y) = uj^ig, x) ■ @{x, y) , 
^^ : Hi X Yi ^ G2/K2 X H2 determined by 6(x, h ■ y) = fi^{h, y) ■ 6(x, y) . 

By a combination of Popa's cocycle superrigidity theorem for F r\ K (see |Po051 Theorem 
0.1]) and the elementary |PV081 Lemma 5.5], we can replace by a similar factor map and 
find measurable families of continuous group homomorphisms 

Sy-.Gi^ G2/K2 and riy : Gi -?■ H2 

such that 

ujy{g,x) = {6y{g),r]y{g)) and @{g ■ x,y) = {6y{g),riy{g)) ■ e{x,y) a.e. 

Since [r,r] = T and H2 is abelian, it follows that r]y{g) = e for all g G P and a.e. y £ Yi. 
Writing @{x,y) = (0i(x,y), 02(x,y)), it follows that 62(5 • x,y) = Q2{x,y) for all 5 G P and 
a.e. {x,y) £ X x Yi. By ergodicity oiT r\ X, it follows that 02(x,y) = ^(y) for some factor 
map ^ : Yi — )• 12- But then 

Vyia) ■ ^(y) = Vyia) ■ ©2(2;, y) = Q2{g ■x,y) = ^{y) 

for all g £ Gi and a.e. (x, y) £ X x Yi. It follows that riy{g) = e for all g £ Gi and a.e. y £Yi. 
Denote ^f{h,y) = {pf{h,y),fi2{h,y)). Because 

fi^ih, y) ■ ^(y) = ^f (/i, y) ■ 62(2;, y) = e2(x, /i • y) = ^(/i • y) 

for all h £ Hi and a.e. (x, y) G X x Yi, it follows that ^2(^5 v) ^^ essentially independent of the 
x-variable. So we write fi2{h,y) instead of ^f (/i,y). 

Next we observe that Qi{g ■ x,h ■ y) can be computed in two ways, leading to the equality 



^hy{g)fJ'Uh,y) ■ Oi{x,y) = l-if {h,y)6y{g) ■ @i{x,y) 



a.e. 



So, ^f^(/i,y) = 6h.yig) fJ.f{h,y)6y{g) ^ for all g £ Gi, h £ Hi and a.e. (x,y) £ X x Yi. 

It follows that for all h £ Hi and a.e. y £Yi, the non negligible set {{x,x') £ X xX \ /^f (/i, y) = 
/if {h, y)} is invariant under the diagonal action of P on X x X. Since P nv X is weakly mixing, 
we conclude that /if (/i, y) is essentially independent of the x- variable. We write /xi(/i, y) instead 
of fii{h,y). The above formula becomes 

^hy{g) = fJ'i(.h,y)6y{g) m{h,y)-^ . (2) 

It follows that the map y 1— )• Kei6y is //i-invariant and hence, by ergodicity of Hi r\ Yi, 
there is a unique closed subgroup K[ < Gi such that Kei 5y = K[ for a.e. y £ Yi. Since 
G2/K2 is a countable group, we know that its compact subgroup 5y{Ki) must be finite. Hence, 
K[ n Ki < Ki has finite index. We claim that also K'^ n Ki < K[ has finite index. 

To prove this claim, first observe that the formula Q{g ■ x,y) = 6y{g) ■ 0(x,y) implies that we 
can view as a map from X/K[ x Yi to X/K2 x Y2. In particular can be viewed as a map 
from X/{Ki n K{) x Yi to X/K2 x Y2. Since X/{Ki r\ K[) \s a finite covering of X/Ki and 
since the original A was a local isomorphism, also 

: X/{Ki n K'l) X Yi ^ X/K2 x Y2 



is a local isomorphism and hence a stable orbit equivalence. Since moreover Q(g-x, y) = 0(x, y) 
for ah g G K[/{Ki r\K[), it follows from Lemma [8] that K[/{Ki n i^() is a finite group. This 
proves the claim, meaning that K'^ and Ki are commensurate subgroups of Gi. In particular, 
K[ is compact. Denoting by pr : Gi — )• F the projection homomorphism onto the first factor, 
we get that pr(-f^i) is a finite normal subgroup of T. Since F is ice, it follows that py{K[) = {e} 
and thus K[ < AKi. 

By construction the map 

G : X/K[ xYi-^ X/K2 X Y2 

is a stable orbit equivalence with the following properties: 

• is similar with A o (Ai x id) ; 

• is of the form Q{x,y) = (0y(x),^(y)) ; 

• and satisfies Qy{g • x) = 5y{g) ■ @y{x) a.e. where 5y : Gi/K[ — )• G2/K2 is a measurable 
family of injective group homomorphisms. 

It remains to prove that the 6y are group isomorphisms that do not depend on y, that ^ is a 
stable orbit equivalence and that a.e. Qy is a measure space isomorphism of X/K[ onto X/K2. 

Applying the same reasoning to the inverse of the stable orbit equivalence Ao (Ai x id), we find 
a closed subgroup K'2 < AK2 that is commensurate with K2, a measurable family of injective 
group homomorphisms 6y : G2/K2 —5- Gi/K[ and a map 

: X/K'2 xY2^ X/K[ X Yi 

of the form Q{x,y) = {@y{x),'if{y)) satisfying the following two properties: 

Qy{g ■ x) = 6y{g) -Qyix) and 
e{e{xK'2,y))£{G2/K2xH2)-{xK2,y) a.e. (3) 

The second of these formulae yields a measurable map (p : X x Y2 ^- G2/K2 such that 

%(y)(Q!/(^^2)) = ^{x,y) ■ XK2 a.e. 

Computing Q-^(y\{Qy{gK2 ■ xK!^)) it follows that 

^^{y)(^y(.9K2)) ^{x, y) = if{g ■ x, y) gK2 for ah 5 G G2 and a.e. (x, y) G X x Y2. 

So, for almost every y G I2, the non negligible set {(x,x') G X x X | ip{x,y) = ip{x',y)} is 
invariant under the diagonal action of F on X x X. Since F r> X is weakly mixing, it follows 
that (p{x, y) is essentially independent of the x-variable. We write ^{y) instead of (/?(x, y) and 
find that 

{h{y)°^y){9K2) = ip{y)gK2 ip{yY^ ■ 

It follows that K2 = K2 and that ^iy\ ° Sy is an inner automorphism of G2/K2. It follows in 
particular that %(„) is surjective, so that 5y is an isomorphism of Gi/K[ onto G2/K2 for all y 
in a non negligible subset of Yi . Because of ^ and the ergodicity of Hi r> Yi , it follows that 
5y is an isomorphism for a.e. y G Yi. 

It also follows from ([3]) that ^{^{y)) G H2 ■ y for a.e. y G Y2 and similarly with ^ o ^If. Hence 
^ and ^ are local isomorphisms and hence a stable orbit equivalence between Hi r\ Yi and 
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H2 r\ Y2. Since @{x,y) = {@y{x),'^{y)) and since is a local isomorphism, it then follows 
that a.e. Qy is a local isomorphism. But Qy is also a (Jj^-conjugation w.r.t. the isomorphism 5y. 
Lemma [5] implies that Qy is a measure space isomorphism for a.e. y € Yi. 

We know that [F, T] = T, that T has trivial center and that the groups A.Ki/K[ are abelian. So 
it follows that 5y is the direct product of an automorphism 6y of T and an isomorphism 5y of 
h.Ki/K[ onto KK2/K2. Formula ^ and the fact that AK2/K2 is the center of G2/K2 imply 
that (5? = (5y a.e. By ergodicity of Hi r\Yi, it follows that 5'^ is essentially independent of y. 
We write (52 instead of 5y. Next denote by fj,r{h,y) the projection of fii{h,y) G F x AK2/K2 
onto F. Formula ([2]) says that 

•^ly = Ad^r(/i,y)o'5y . 

Since F has property (T), F is finitely generated and Aut F is a countable group. In particular, 
OutF = Aut F/ Inn F is a countable group. Then the map y 1— )• {6y mod InnF) is an Hi- 
invariant measurable map from Yi to OutF and hence is essentially constant. So we find a 
measurable map (/? : Yi — t- F and an automorphism 61 G AutF such that 6y = Ad (p{y) o 5i a.e. 
Replacing @y{x) by Lp{y)~^ ■ @y{x) we may assume that 6y is a.e. equal to 5i x 52- After this 
replacement, also fir{h,y) = e a.e. meaning that fii{h,y) G AK2/K2. 

Since Qy is a (52-conjugacy and AKi,AK2 are dense subgroups of K, the 0^ induce 61- 
conjugacies py of the action F r\ X/K given by py{xK) = Qy{xK[)K. Since pi{h,y) G 
AK2/K2., it follows that Phy{x) = Py{x) a.e. Hence py is a.e. equal to a single (5i-conjugacy Qi 
of the action F r^ X/K. D 

Lemma 10. Let K he a compact abelian group with countable dense subgroup A. Let Ki,K2 < 

K be closed subgroups and denote Aj := A n Xj. 

1. If K2 C AKi and if AK1/K2 is countable, then Ki and K2 are commensurate. 

2. Assume that Ki and K2 are commensurate and that K2 C AKi. If Ai is dense in Ki, 
also A2 is dense in K2. 

3. Assume that Aj is dense in Ki for i = 1,2. Then the following statements are equivalent. 

(a) Ai and A2 are commensurate. 

(b) Ki and K2 are commensurate. 

(c) AKi=AK2. 

Proof. 1. Since AK1/K2 is countable, the image of Ki in K/K2 is a countable compact group, 
hence a finite group. This means that Ki n K2 < Ki has finite index. Since K2 C AKi, also 
the image of K2 in K/K\ is countable, hence finite. This means that Ki n K2 < K2 has finite 
index. So, Ki and K2 are commensurate. 

2. Assume that Ki and K2 are commensurate, that K2 C AKi and that Ai is dense in Ki. 
Since K1P1K2 < Ki has finite index, Ki n K2 is an open subgroup of Ki. Because Ai is dense 
in Ki, we get that Ai n {Ki Ci K2) is dense in Ki n K2. So, Ai n A2 is dense in Ki Ci K2. 
Also the image of Ai in Ki/{Ki D K2) is dense. But Ki/{Ki n K2) is finite and it follows that 
Ki = Ai{Ki n K2). Hence also AKi = A[Ki n K2). Since by assumption K2 C Ai^i, we get 
that K2 C A{Kir]K2), i.e. K2 = A2iKinK2). We already saw that AinA2 is dense in KinK2 
and it follows that A2 is dense in K2. 

3. (a) =^ (b). The image of Aj in Ki/{KiriK2) is dense, but also finite because AinA2 has finite 
index in Aj. So, Ki/{Kir\K2) is finite for i = 1, 2, meaning that Ki and K2 are commensurate. 
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(b) =^ (c). Since Aj is dense in Ki and Ki n K2 < Ki has finite index, we get as in the proof of 
2 that Ki = Ki{Ki n K2). Hence, KKi = A{Ki n K2) for i = l,2. In particular, AKi = AK2. 

(c) =^ (b). We have K2 C AKi and we have that AK1/K2 = AK2/K2 is countable. So, 
statement 1 implies that Ki and i^2 are commensurate. 

(b) =^ (a). Since Ki/{Ki n X2) is finite, also the image of Aj in Ki/{Ki n K2) is finite, meaning 
that A,j/(Ai n A2) is a finite group. So, Ai and A2 are commensurate. D 

Proof of Theorem [1] 

Proof. Proof of the equivalence of the statements in 1. Put Aj = Ani^j. Using Lemma 
[TOI it suffices to prove that C{Ki) and C{K2) are unitarily conjugate if and only if Ai and A2 are 
commensurate. First assume that Ai and A2 are commensurate. By Lemma [TUl also K\ and K2 
are commensurate. So, Ki < K1K2 has finite index. It follows that U^ {K / KlK2)®'LI{Alf^A2) 
is a subalgebra of finite index in both C{Ki) and C{K2). By [PoOll Theorem A.l] the Cartan 
subalgebras C{Ki) and C{K2) are unitarily conjugate. 

Conversely, assume that Ai and A2 are not commensurate. Assume for instance that Ai n A2 < 
Ai has infinite index. We find a sequence A„ G Ai such that for every finite subset .F C A 
the element A^ lies outside J^A2 eventually. Denote hy Un := tiA„ the unitaries in C{Ki) that 
correspond to the group elements A„. Denoting by Eqii^^\ the trace preserving conditional 
expectation, one deduces that 

ll-^C(i<:2)('^'""^)ll2 ~^ for all a,b £ M . 

So, by [PoOH Theorem A.l], the Cartan subalgebras C{Ki) and C{K2) are not unitarily conju- 
gate. 

Proof of the equivalence of the statements in 3. Denote X = K^ . Assume first that there 
exists a continuous automorphism 5 G AviiK satisfying 5{AKi) = Ai^2- Then K'^ := 6~^(K2) 
is a closed subgroup of K with the properties that K[ C AKi and that AKi/K[ is countable. 
By Lemma [Toll, we get that K[ and Ki are commensurate. Then Lemma [1012 implies that 
A n K[ is dense in K[. By the equivalence of the statements in 1, we know that the Cartan 
subalgebras C{K[) and C{Ki) are unitarily conjugate. In particular, they give rise to isomorphic 
equivalence relations. So we may replace Ki by K[ and assume that S{Ki) = K2. By "applying 
everywhere" 6, the actions (T x AKi/Ki) r\ X/Ki are conjugate, hence orbit equivalent. Also 
their respective direct products with the hyperfinite equivalence relation are orbit equivalent. 
By Lemma[6l the equivalence relations induced by C{Ki), i = 1,2, are orbit equivalent. 

Conversely assume that the equivalence relations induced by C{Ki), i = 1,2, are stably orbit 
equivalent. Put Gj := L x AKi. We combine Lemmas [6] and [3 and we replace Ki by a 
commensurate group that is contained in AKi. By Lemma [1012, the intersection A n Ki 
remains dense in Ki. We have found a measure space isomorphism A : X/Ki — )• X/K2, an 
automorphism 5i G AutL and an isomorphism 82 '. AKi/Ki — t- AK2/K2 such that A is a 
{5i X (52)-conjugacy. In particular, A is a (5i-conjugacy of the L-action. By |PV061 Lemma 5.2] 
there exists an isomorphism a : Ki — )■ K2 and a {61 x a)-conjugacy A : X ^ X satisfying 
A(x)i^2 = A{xKi) for a.e. x G X. Since A is a (^2-conjugacy, it follows that A{g-x) G AK2-A{x) 
for all g G AKi and a.e. x £ X. We find a measurable map cj : AKi x X — )• AK2 such that 
A{g ■ x) = oj{g,x) ■ A{x) a.e. Since A is a 5i-conjugacy, it follows that oj{g,^ ■ x) = oj{g,x) for 
all 7 G r, g G AKi and a.e. x £ X. By ergodicity olT r\ X, the map uj{g,x) is essentially 
independent of the x-variable. So we can extend a to a homomorphism a : AKi — t- Ai^2- By 
symmetry (i.e. considering A ) it follows that a is an isomorphism of Ai^i onto Ai^2- Viewing 

12 



K as a closed subgroup of the group Aut(X) of measure preserving automorphisms of X (up to 
equahty almost everywhere), it follows that AAi^iA = AK2- Taking closures we also have 
AKA = K. This means that a can be extended to a continuous automorphism of K. This 
concludes the proof of the equivalence of the statements in 3. 

Proof of the equivalence of the statements in 2. Denote X = K^ . If 5 G Auti^ is a 
continuous automorphism satisfying (5(A) = A and 6{A.Ki) = h.K2, we may replace as above 
Ki by the commensurate 5~^{K2) and assume that 5{Ki) = K2. Then also (5(Ai) = A2. So, 
"applying everywhere" S yields an automorphism a G AutM satisfying a{C{Ki)) = C{K2). 

Conversely assume that C{Ki) and C{K2) are stably conjugate by an automorphism. Inter- 
changing the roles of Ki and K2 if necessary, we find a projection p G C{K2) and an isomorphism 
a : M — >• pMp satisfying a{C{Ki)) = C{K2)p- This a induces a stable orbit equivalence be- 
tween the equivalence relations associated with C{Ki) and C{K2) respectively. If one of the Ki 
is finite, the equivalence of the statements in 3 implies that the other one is finite as well and 
that A = AKi = A.K2. So we can exclude this trivial case. 

We claim that there exist automorphisms 61 G AutT, 5 G Auti^ and a {5i x (5)-conjugacy 
A G Aut(X) of the action T x K r\ X such that 6{Ki) = K2 and such that after a unitary 
conjugacy of a and p, we have 

p G LA2 and a[F) = (F o A-^)p for all F G L~(A/K) . 

To prove this claim, denote 1^ = Aj and Hi = Ki. Also denote Gj = F x h.Ki . Lemma [6] 
describes the equivalence relations associated with C{Ki). The isomorphism a : M — )■ pMp 
therefore induces a stable orbit equivalence 11 : X/Ki x yi — t- X/K2 x Y2 between the product 
actions Gi/Ki x Hi r\ X/Ki x Yi- We apply Lemma [9] to 11. We find in particular a compact 
subgroup K[ < AKi that is commensurate with Ki. Denote A'^^ := An K[, H[ := K[ 

and Y( := A'^. By Lemma 11012. A'^ is dense in K[. By the equivalence of the statements 
in 1, we know that the Cartan subalgebras C{K[) and C{Ki) are unitarily conjugate. The 
corresponding orbit equivalence between the product actions Gi/K[ x H[ r\ X/K[ x Y^ and 
Gi/Ki X H\ rx X/Ki x Yi is similar with Ai x A2 where Ai, A2 are the natural stable orbit 
equivalences (whose compression constants are each other's inverse). So replacing C{Ki) by 
C{K']) amounts to replacing 11 by Ho (Ai x A2). Lemma [9] says that Ho (Ai x id) is similar to 
a stable orbit equivalence of a very special form. Then Ho (Ai x A2) is still of this very special 
form. So after replacing C{Ki) by C{K']) we find that 11 is similar to a stable orbit equivalence 
: X/Ki X Yi — )• X/K2 X Y2 satisfying the following properties. 

• is of the form 0(x, y) = {Qy{x), ^{y)) where ^ : Yi — ;■ I2 is a stable orbit equivalence 
between the actions Hi r\ Yi and where {Qy)y<=Yx is a measurable family of measure 
preserving conjugacies between Gi/Ki r\ X/Ki and G2/K2 r\ X/K2- 

• There exist automorphisms 5i G AutF, 6 G AutK and a {5i x (5)-conjugacy A G Aut(A) 
such that d{Ki) = K2 and @y{x)K = A{xK) for a.e. {x,y) G X/Ki x Yi. 

To deduce the precise form of A in the last item, we proceed as in the proof above of the 
equivalence of the statements in 3. The compression constant of ^ is equal to the compression 
constant of 11 and hence equal to r(p). So replacing ^ by a similar stable orbit equivalence, we 
may assume that ^ is a measure space isomorphism (scaling the measure by the factor t[p)) 
of Yi onto a measurable subset W C I2 of measure t{p). Keeping Qy{x) unchanged, the map Q 
then becomes a measure space isomorphism of X/Ki x Yi onto X/K2 x lA. Define the projection 
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p £ LA2 = L°°(y2) hy p = xu- Since IT and are similar stable orbit equivalences and is 
moreover a measure space isomorphism, we can unitarily conjugate a so that a\c{Kx) = ©*• 
This proves the claim above. 

It remains to prove that 5(A) = A. 

Since every automorphism 5i G Aut F defines a natural automorphism of M that globally 
preserves all the Cartan subalgebras C{Ki), we may assume that 61 = id. For 5 G F x A, we 
denote hy Ug £ M = L°°(Ar) xi (F x A) the canonical unitaries. Since the relative commutant 
of h°°{X/K) inside M equals L°°(X) x A, it fohows that 

a{ug) = ujgUgp (oT Sill Q £ T, where cOg G U{p(L°°{X) x A)p) . 

Denote by {ag)g^r the action of F on L°°{X) x A, implemented by Adug and corresponding to 
the Bernoulli action on L°°{X) and the trivial action on LA. Since p is invariant under {crg)g^r 
we can restrict ag to p{L°°{X) x A)p. Note that 

Ugh = ujg CFg{uJh) {oT aU Q^k^T . 

Denote N°° := B(£^(N)) (d N whenever A^ is a von Neumann algebra. By Theorem 1111 there 
exists a projection q G (LA)°° with (Tr(8)r)(g) = t{p), a partial isometry v G B(C,^^(N)) (E> 
(L°°{X) X A) and a group homomorphism 7 : F — t- U{q{LA)°°q) satisfying 

v*v = p , vv* = q and Ug = v* 7^ crgiy) for all (7 G F . 

We replace a by Adf o a. Then a : M — )■ qM°°q. Note that L°°{X/K) commutes with v so 
that 

a{F) = (F o A~i)g for ah F G L°^{X/K) and a(Mg) = -fgUg = Ug-fg for all 5 G F . 

Denote A* G Aut(L°°(X)) given by A*(F) = F o A^^ and note that A*(L°°(X/i^)) = 
L°°(X/if). Also a(F) = A*(F)g whenever F G L~(X/K). 

Recall that X = K^. Whenever u £ K, denote by Uuj G U{L°^{X)) the unitary given by 
Uui{x) = uj{xe). Fix ud £ K and g £T. Observe that UajUgU*u*g belongs to L°^{X/K). Hence, 
since A is an id-conjugacy for T r\ X, we have 

a{Uu, UgUZu*g) = A,(C/^ <yg{U:))q = A,(C/^) a<,(A,([/:)) q 
= A^{U^)ugA^{U^)*ulq. 

On the other hand 

a{Uuj UgU*u*g) = a{U^) Ug 7^ a{U^)* -fgU*g . 

Combining both formulae we conclude that 



u. 



A^U^r a{U^) Ug = A,{U^r 7g a{U^) 7* for all t^ G i^ , g G F . (4) 



We claim that for all oo £ K, A^{U^)* a{U^^) £ (LA)°°. To prove this claim, fix a; G X and 
put a := A*(L'^)* a{Uu))- Define for every finite subset F dV, the von Neumann subalgebra 

Njr c (L°°(X) X A)°° given by 

Nj := (L~(K-^) X A)°° . 

Denote by Ejr the trace preserving conditional expectation of (L°°(A') x A)°° onto Njr. Note 
that (LA)°° C Njr for ah J" C F. Choose e > and denote by || • II2 the 2-norm on (L°°(X) x A)°° 
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given by the semi-finite trace Tr0T. Since a(Uuj) commutes with L°°{X/K)q, it follows that 
oe{Uij) S q{L°°{X) xi A)°°q. So we can take a large enough finite subset J^ C T such that 

\\a{U^) - EAa{U^m2 < e and \\qA,{U^) - E^{qA,{U^))\\2 < e . 

It follows that for all 5 € F, the element A^,(C/(^)* 7^ a(C4;) 7^ lies at distance at most 2e from 
Njr. By (JH), the element a then lies at distance at most 2e from Njrg-i. Since a also lies at 
distance at most 2e from Njr, we conclude that a lies at distance at most 4e from A^jr^jr^-i for 
all g G r. We can choose g such that .F n J^g^^ = and conclude that a lies at distance at 
most 4e from (LA)°°. Since e > is arbitrary, the claim follows. 

Put Vui := A^{Uui)* a{Uui) and q^^ := V^V*. Denote by z G LA the central support of q in 
(LA)°°. Define 

ft = V ^-^- • 

Since V^j G (LA)°° and l/JK- = q, it foUows that qi G (LA)°° and gi < z. Since 

it also follows that qi commutes with all the unitaries A^,(C/(^), oj & K. Being an element of 
(LA)°°, the projection qi certainly commutes with L^{X/K) = A^{L°°{X/K)). Hence, qi 
commutes with the whole of A,(L~(X)) = L°°{X). So, qi G B(^2(i^)) ^ ^^ g^^^^g ^^ < ^^ ^^ 
follows that z = 1. Because (Tr(8)T)(g) = r(p) < 1, we must have p = 1 and find an element 
w G B(£^(N),C) (8) LA satisfying tt;t(;* = 1 and w*w = q. Replacing a by Kdw o a, we have 
found that a is an automorphism of M satisfying 

a{F) = A^F) for all F G L°°(A:/i^) , a(f/^) = A,(f/^) V^ for ah a; G ^, and 
a{ug) = ^gUg for all 5 G F. 

Here Kj £ LA are unitaries and g 1— t- 7^ is a homomorphism from F into the abelian group 
IA{LK). Since [F,r] = F, we actually have that 7^ = 1 for all fif G F. In particular a(LF) = LF. 
Taking the relative commutant, it follows that a(LA) = LA. 

Since (Ad?7^)(iis) = uj{s)Us for all s G A, w G K^ we also have that (Ada([/(^))(a(us)) = 
oj{s) a{us) for all s G A, w G K. Since a{Uu)) = A*(f^) V^ and V^ belongs to the abelian algebra 
LA, we conclude that (Ad A,,(t4;))(a(tts)) = oj{s)a{us) for all s G A, a; G K. On the other 
hand, since A is a ^-conjugation for the action K rx X,we also have that (Ad A,,(C4j))(ufc) = 
Lij{5^^{k))uk for all A; G A and uj ^ K. Writing the Fourier decomposition 

a{us) = 2. ^k "^k with A| G C , 
fceA 

we conclude that 

oj{s) XI = uj{6^'^{k)) XI for ah s,k G A, uj £ K. 

So, for every s G A there is precisely one k £ A with A| 7^ and this element k £ A moreover 
satisfies io{s) = uj{6^^{k)) for all uj £ K. So, k = 6{s). In particular 5{s) £ A for all s G A. 
So, (5(A) C A. Since we can make a similar reasoning on a~^{us)-, s G A, it follows that 
5(A) = A. D 
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3 A non commutative cocycle superrigidity theorem 

We prove the following twisted version of Popa's cocycle superrigidity theorem [PoOSj Theorem 
0.1] for Bernoulli actions of property (T) groups. 

Theorem 11. Let K he a compact group with countable subgroup A < K . Let T be a property 
(T) group. Put X = K and denote by K r\ X the action by diagonal translation. Put 
N = L°°(X) XI A. Denote by {ag)g<zY the action ofT on N such that ag is the Bernoulli shift 
on L°°(X) and the identity on LA. Let p G LA be a non zero projection. 

• Assume that q e B(£2(N)) ® LA is a projection, that 7 : L -;> U{q{B{f(N)) ^LA)g) is 
a group homomorphism and that v G B(C,£^(N)) (^ N is a partial isometry satisfying 
v*v = p and vv* = q. Then the formula 

'^9 ■= 'V* Ig CTgiv) 

defines a 1-cocycle for the action {ag)g^r on pNp, i.e. a family of unitaries satisfying 
ujgh = ujg CFg^uJh) for all g,h£V. 

• Conversely, every 1-cocycle for the action {ag)g^Y on pNp is of the above form with 7 
being uniquely determined up to unitary conjugacy in B(^^(N)) LA. 

Note that if A is ice, we can take q = p, i.e. every 1-cocycle for the action (ag)g^r on pNp is 
cohomologous with a homomorphism from F to lA{pL{K)p). If A is not ice, this is no longer 
true since q and en ®p need not be equivalent projections in B(^^(N)) LA, although they 
are equivalent in B(£^(N)) ^ A^. 

Proof. It is clear that the formulae in the theorem define 1-cocycles. Conversely, let p £ LA be a 
projection and assume that the unitaries cOg G pNp define a 1-cocycle for the action {ag)g,=r of F 
on pNp. Consider the diagonal translation action A r^ X x K and put M := L°°(X x K) x A. 
We embed N C Af hy identifying the element Fux G N with the element {F (8) 1)ua S M 
whenever F G L°°{X),X G A. Also {ag)g^r extends naturally to a group of automorphisms 
of M with 0-3(1 F) = 1 (^ F for all F G L°°{K). Define P = L°°(i^) x A and view P as a 
subalgebra of AA by identifying the element Fux G P with the element {l(^F)ux G M whenever 
F G h°°{K), A G A . Note that we obtained a commuting square 

N c Af 

U U 

LA C P . 

Define A : X x K ^ X x K : A{x,k) = (k ■ x,k) and denote by A* the corresponding 
automorphism of L°°(X x K) given by A^{F) = F o A~^. One checks easily that the formula 

* :L°°(A:)^P^AA: ^(F^Gua) = A*(F»G)uA for ah F G L~(X), G G L°°(i^), A G A 

defines a *-isomorphism satisfying ^ o (^ag (8> id) = ag o "if for all g £ T. Put ^g := "^^^(tOg). 
It follows that {iJLg)g(zY is a 1-cocycle for the action T r\ X with values in the Polish group 
U{pPp). By Popa's cocycle superrigidity theorem |Po051 Theorem 0.1] and directly applying 
^ again, we find a unitary w G U{pNp) and a group homomorphism /9 : F — )• U{pPp) such that 

for all g G F . 
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Consider the basic construction for the inclusion N C J\f denoted by A/i := {M, e^)- Put T := 
wcnw*. Since crg{w) = p*wujg, it follows that c7g{T) = p*Tpg. Also note that T G L^(A/i), 
that T = pT and that Tr(T) = t{p). 

Since we are dealing with a commuting square, we can identify the basic construction Pi := 
{P, cla) for the inclusion LA C P with the von Neumann subalgebra of A/i generated by P and 
btv- In this way, one checks that there is a unique unitary 

W -.L^iMi)^ L^{X) (g, L^{Pi) satisfying W{ab) = a0b for ah a G L~(A:), beL'^{Pi) . 

The unitary W satisfies W{pgag{^) p*g) = {ag O Ad pg){W{0) for ah 5 G T, ^ G l'^{^fl). The 
projection T G L^(A/i) satisfies T = pgag(T) p*. Since the unitary representation {ag)g^r on 
L (Ar)0Cl is a multiple of the regular representation, it follows that W{T) G li^L (Pi). This 
means that T £ Pi and pgT = T pg for all g £T. 

So we can view T as the orthogonal projection of L (P) onto a right LA submodule of dimension 
t{p) that is globally invariant under left multiplication by pg, g GT. Since pT = T, the image 
of T is contained in pL'^{P). Take projections g„ G LA with J2n^(^n) = ^ip) and a right 
LA-linear isometry 

e:0g„L2(LA)^L2(P) 

neN 

onto the image of T. Denote by Wn G L (P) the image under Q of g„ sitting in position n. 
Note that 

Wn = pWn , -ELA(w'^'Wm) = Sn,mqn and ^ = ^ W^neLAW* 

neN 

where in the last formula we view T as an element of Pi. Identifying Pi as above with the von 
Neumann subalgebra of A/i generated by P and cn, it follows that 

T = ^ WnCNWn ■ 

ngN 

Since T = wejsfw*, we get that cat = ^^ t(;*tt;„eAr7i;* w. We conclude that w*Wn G L^(iV) for 
all n. So w^Wm G L^(-^) for all n,m. Since also w^Wm G L^(P), we have w^Wm G L^(LA). 
But then, 

(Jn,™?™ = Ei^A{WnWm) = wl_Wm ■ 

So, the elements Wn are partial isometrics in P with mutually orthogonal left supports lying 
under p and with right supports equal to g„. Since ^„T(g„) = r(p), we conclude that the 
formula 

W := y^ei „(g)tt;„ 



n 



defines an element W G B(^2(i^)^(^) ^ p satisfying WW* = p, W*W = q where q G (LA)°° = 
B(£^(N)) (8) LA is the projection given by q := Yln^nn ® Qn- We also have that v := W*w 
belongs to B(C1,^^(N)) N and satisfies v*v = p, vv* = q. 

Finally, let 7 : L — )■ W(g(LA)°^g) be the unique group homomorphism satisfying 

©(TsO = P<?0(O for ah 5 G r, e G g„L2(LA) . 

n 

By construction W^g = PgW for all g gT. Since cOg = w* pg ag{w) and since W is invariant 
under {ag)g,=r, we conclude that cOg = v* 7^ crg{v). 
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We finally prove that 7 is unique up to unitary conjugacy. So assume that we also have 
qi,vi and (/? : F — )■ U{qi{LA)°°qi) satisfying cOg = vlipgag{vi). It follows that the element 
viv* G qiN°°q satisfies crg{viv*) = ip* Viv* jg for all 5 G T. As above this forces viv* to belong 
to qi{LA)°°q, providing the required unitary conjugacy between 7 and (p. D 

4 The classification of Cartan subalgebras up to automorphisms 
can be complete analytic; proof of Theorem [2] 

Let M be a IIi factor with separable predual. By |Ef641 Theorem 3 and its corollaries] the set 
of von Neumann subalgebras A G M carries the standard Effros Borel structure. In this IIi 
setting it can be described as the smallest cr-algebra such that for all x,y G M the map 

A^TiEAix)y) (5) 

is measurable. Here r denotes the unique tracial state on M and Ea_ is the unique trace 
preserving conditional expectation of M onto A. 

Proposition 12. Let M be a IIi factor with separable predual. Equip the set of its von Neu- 
mann subalgebras with the Effros Borel structure, as explained above. 

• The set Cartan(Af ) of Cartan subalgebras of M is a Borel set and as such a standard 
Borel space. 

• The equivalence relation of "being unitarily conjugate" is a Borel equivalence relation on 
Cartan(M). 

• The equivalence relation of "being conjugate by an automorphism of M " is an analytic 
equivalence relation on Cartan(M). 

Proof. Denote by vNalg(M) the standard Borel space of von Neumann subalgebras of M. By 
|Ef641 Theorem 3 and its corollaries] the map A >-^ A' CiM is a Borel map on vNalg(M). Hence 
the set 

masa(M) = {A e vNalg(M) \ A' D M = A} 

of maximal abelian subalgebras of M is a a Borel subset of vNalg(-/Vf). 

Consider the Polish group U{M) of unitaries in M equipped with the || • II2 distance. Denote 
by subgr(W(M)) the set of closed subgroups ofU{M) equipped with the Effros Borel structure. 
This Borel structure can be described as the smallest cr-algebra such that for all u £ U{M) the 
map 

subgr(^/(M)) ^ M : g h^ d{u, G) 

is measurable. Here and in what follows, d{u,Q) denotes the || • II2 distance of u to Q. We 
claim that the map 

masa(M) -^ subgr(^(M)) : A ^ Nm{A) := {u £ U{M) \ uAu* = A} 

is Borel. So we have to prove that for all u € U{M), the map A 1— )• d{u^J\fM{A)) is Borel. 
But |PSS03l Theorem 6.2 and Lemma 6.3] provides us with the following inequalities for every 
maximal abelian subalgebra A G M and all u G IA{M). 

-\\Ea - EuAu*\\oo,2 < d{u,MM{A)) < 90\\Ea - EuAu*\\ 00, 2 ■ 
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So in order to prove that A i— )• Mm (A) is Borel, it suffices to prove that for aU u E U{M), the 
map A !->■ \\Ea — EuAu*\\oo,2 is Borel. Choosing sequences (rc„) and (y„) in M such that (xn) 
is dense in the unit ball of M while (y„) is dense in the unit ball of L (M), we have that 

ll^;^ - EuAu* ||oo,2 = sup \T{EA{Xn)ym) " t{Ea{u* XnU)ym)\ ■ 
n,m 

Since the maps in ([5]) are Borel, also A i— t- \\Ea — EuAu*\\oo,2 is Borel. This proves the claim 
that A I—)- Nm{A) is a Borel map from masa(M) to subgr(W(M)). 

Repeating the proof of |Ef641 Theorem 3] the map subgr(W(M)) — ^ vNalg(M) : Q ^^ Q" is 
Borel. Together with the previous paragraph it follows that the map masa(M) — t- vNalg(M) : 
A I—)- Mm{A)" is Borel. In particular, 

Cartan(M) = {A e masa(M) | Mm{A)" = M] 

is a Borel subset of masa(M). 

Consider the equivalence relation of "being unitarily conjugate" on the standard Borel space 
Cartan(M). Let {un)n<m be a || • II2 dense sequence in U{M). We claim that A, B £ Cartan(M) 
are unitarily conjugate if and only if 

inf \\Eu„Au:^ - ^b||oo,2 < ^ • (6) 

Once this claim is proven, we observe as above that for every n E N the map {A, B) 1— )• 
||-E'u„ylu* — Eb\\oo,2 is Borel. It then follows that the unitarily conjugate Cartan subalgebras 
{A,B) form a Borel subset of Cartan(M) x Cartan(M). 

It remains to prove the claiin. If A and B are unitarily conjugate, i.e. uAu* = B, it suffices 
to take n such that ||n — n„,||2 is small enough and ([6|) follows. Conversely, if ([6|) holds, take 
n such that \\Eu„Au^ — -E'_b||oo,2 < 1/2. In particular, for every v E W(n„,Au*) we have that 
||-£'B(t')||2 > 1/2. Popa's conjugacy criterion [PoOTl Theorem A.l] implies that UnAu"^ and B 
are unitarily conjugate. Hence also A and B are unitarily conjugate. 

Finally, repeating the proof of |Ef651 Lemma 2.1] the map Aut(M) xCartan(M) — )■ Cartan(M) : 
(a. A) I—)- a{A) is seen to be Borel. Since the equivalence relation of "being conjugate by an 
automorphism of M" is precisely the orbit equivalence relation of this Borel action, it is an 
analytic equivalence relation. D 

In |DM07j it was shown that the isomorphism relation for torsion free abelian groups is complete 
analytic. This is done through the construction of a Borel reduction from the complete analytic 
problem of checking whether a tree has an infinite path. In this context a tree is a set of finite 
sequences of natural numbers which is closed under taking initial segments. An infinite path 
in a tree T is an infinite sequence of natural numbers X1X2 • • • such that xi • • • x„ E T for 
every n E N. A construction by Hjorth |Hj01| associates to every tree T a subgroup G{T) of 
the countably infinite direct sum A := Q^°°' such that the isomorphism class of the torsion 
free abelian group G{T) remembers whether or not T admits an infinite path. We recall this 
construction in the following lemma and provide a second countable compactification A C K 
such that G{T) n A = G{T) for every tree T. 

Recall that Q/Z = ©pgpZ(p°°) where V denotes the set of prime numbers and 'Ij(p°°) = 
Z[p~^]/Z. Denote by pp the corresponding homomorphism Pp : Q — ?• Z(p°°) uniquely charac- 
terized by Pp{p~^) = p~^ + Z and Pp{q~^) = for all primes qi^ p and all A: E N. 
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Denote by N^^ the set of finite sequences of natural numbers. For every a = {xi • • • Xn) denote 
by W\ = n the length of the sequence. Observe that the empty sequence () belongs to N^ 
and that it is the unique element of length 0. Recall that a tree T is a subset T C N^^ that is 
closed under taking initial segments: if n > 1 and {xi ■ ■ ■ Xn) S T, then (xi • • • Xk) G T for all 
k < n. Whenever a S N*"^ with \a\ > 1 we denote by a~ the sequence obtained by removing 
the last element of a. Whenever a G N^^ and 6 G N we denote by ab the sequence obtained 
by appending b at the end of a. 

Lemma 13. Choose for every prime number p a second countable compactification Lp of7j{p°°). 
Choose a second countable compactification Kq o/Q such that the homomorphisms pp : Q ^ Lp 
extend continuously to Kq for all p £ V. 

Consider the countable group A given as the direct sum A := Q^ > . For every a G N^ define 
the homomorphisms 

TTo- : A — ;• Q : X I— )• Xct and 70- : A — ;• Q : x i— )• Xo- + /^ Xo-6 • 

Define K as the smallest compactification of A such that the homomorphisms vTo- : A — )■ Kq 
and 7ct : A — 7- Kq extend continuously to K for all a G N^ . 

For every a G N^^ we denote by 6^ the obvious basis element of A = Q^^ ' . Let pQ < pi < . . . 
be an enumeration of the prime numbers. Following jEjOlf we define for every tree T the 
subgroup G{T) of K generated by 

{p^^|5, I aGT, A:GN} U {p^^|_, (<5,- 5,-) I aGT, |a| >0,fcGN} . 



Denote by G{T) the closure of G{T) inside K. 



For every tree T we have G{T) n A = G{T) . 

Proof. The definition of G{T) and the continuity of the homomorphisms pp, iTa and 70- imply 
the following properties. 



1. For all a G N<^ with cr T and for all g G G{T), we have 7r„{g) = 0. 



2. For all cr G T, all prime numbers p ^ {P2\a\-ii P2\a\: P2\(7\+i} aiid all g G G{T), we have 



3. For all o" G T and all g G G{T), we have Pp2|<T|+i(7o"(5)) ~ *-*• 

For all 5 G A we consider the finite set Sg = {{p,a) e V x N<^ \ Ppi-JTaig)) 7^ 0}. Note that 
5g = if and only if TTaig) G Z for every a G N<^. 



Assume that g G G{T) D A with g G{T). It follows that Sg 7^ 0. Indeed, otherwise we get 
that TTcr{g) G Z for all a G N^^. By property 1 above, we know that TTaig) — fo'^ ^ a ^ T. 
Hence g belongs to the group generated by {5^ \ a G T}. In particular, g G G{T). 



Assume that G{T) n A is strictly larger than G(T). Take g G {G{T) n A) \ G{T) minimizing 
\Sg\. By the previous paragraph Sg 7^ 0. So we can choose {p,cr) G Sg maximizing \a\. By 
property 1 above we have a £ T. Property 2 implies that p G {p2|(t|-1iP2|(t|iP2|o-|+i}- We prove 
that every of these three possibilities leads to a contradiction. 
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First assume that \a\ > and p = P2\a\-i- By property 3 above we have Ppi'ycr- (ff)) = 0- Usmg 
property 1 it follows that 

Ppida- ) + X] Ppida-b) = . 

feGN,o-feeT 

So we can take h in the group generated by {p~^ {^a-b ~ ^a-) I & £ N, (T~6 G T, A; G N} such 
that pp{h„~) = PpiOcr-) and Pp{h„-i,) = Pp{grj-b) fo^ all 6 G N. Note that h G G(T) and hence 
g-he {G{T) n A) \ G(r). By construction 

Sg-h = Sg\{{{p,a-)} U {(p,a-6)|6GN}). 

So |5'g_/i| < 1 5*3 1 contradicting the minimality of l^^l. 

Next assume that p = P2\a\- Choose h in the group generated by {p^^ 5fj | fc G N} such that 
Pp{h^) = pp{ga). Note that h G G{T) and hence 5-/1 G (G(T)nA)\G(T). Again |S'g_;,| < |5g| 
contradicting the minimality of \Sg\. 

Finally assume that p = P2|cr|+i- By property 3 above we have that Ppila^g)) = 0. Hence 

PpiT^aig)) + ^Pp{T^ab{g)) = . 

beli 

As Pp{T^aig)) 7^ 0, it follows that there exists a 6 G N such that Pp{T^ab{g)) 7^ 0. This contradicts 
the maximality of \a\. 

In all three cases we obtained a contradiction. This ends the proof of the lemma. D 

We are now ready to prove Theorem [2j 

Proof of Theorem [H The first part of Theorem [2] follows immediately from Theorem [1] and the 
following observations. 

• The subgroups K(Vi) and K(V2) are commensurate if and only if the symmetric differ- 
ence Vi A V2 is finite. 

• Considering the order of the elements in K, it follows that every automorphism 6 G 
Aut{K) globally preserves each direct summand Z/pZ. In particular (5(A) = A and 
6{AK{Vi)) = kK{Vi) for every subset Vi C V. 

It remains to prove the second part of Theorem [5J Put A = Q*-^ > and denote by K the 
compactification of A given by Lemma [T3l Consider the IIi factor M := L°°{K ) xi (F x A). 
For every tree T C N^^ denote by G{T) C A the subgroup defined in Lemma [T3l Denote by 
C{T) := C{G{T)) the associated Cartan subalgebra. 

We denote the set of trees by Trees. Viewing Trees as a subset of the power set of N^^, it is a 
standard Borel space. It is straightforward though tedious to check that the map 

Trees -^ Cartan(M) : T h^ C(r) 

is Borel. 

A classical result (see e.g. |Ke951 Theorem 27.1]) says that the subset of Trees consisting of the 



trees that admit an infinite path, is complete analytic. In combination with |DM07t Lemma 
3.1] we get a complete analytic set X C M and Borel functions Fi,F2 : M — )• Trees such that 
the following statements hold. 
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• IfxeX, then Fi(x) = ^2(2;). 

• If X ^ X, then Fi{x) has an infinite path and -^2(2;) has no infinite path. 

Moreover we may assume that for all x G M the trees Fi{x) and F2{x) consist of sequences of 
even numbers only (for instance by "multiplying by 2" the original Fi,F2). 

Define the Borel map 

h:R^ Cartan(M) x Cartan(M) : h{x) = {C{Fi{x)),C{F2{x))) . 

Denote by 7^ C Cartan(M) x Cartan(M) the equivalence relation given by the Cartan subal- 
gebras {A,B) that are conjugate by an automorphism of M. In Proposition [T^] we have seen 
that TZ is an analytic subset of Cartan(M) x Cartan(M). We prove below that h'^{TZ) = X. 
Since X is complete analytic, it then follows that IZ is complete analytic. 

The formula h~^{JZ) = X follows, once we have shown the following two statements. 

• If S, r C N^^ are trees that consist of sequences of even numbers and if S" = T, then the 
Cartan subalgebras C{S) and C{T) are conjugate by an automorphism of M. 



\i S,T C N^ are trees such that S admits an infinite path and such that the Cartan 
subalgebras C{S) and C{T) are conjugate by an automorphism of M, then T also admits 
an infinite path. 



To prove the first statement, let V' ^ "S* — ^ ^ be an isomorphism of trees, i.e. a bijection that 
preserves initial segments. Since S and T only contain sequences of even numbers, if) can be 
extended, by induction on the length \a\, to an isomorphism ip : N^^ — )• N^^. Denote by 
a G Aut(A) the corresponding automorphism given by a{5a) = (5^(0-) for all a G N^^. Using 
the notation of Lemma [13] we have that '/r^(o-) o a = tTo- and 7,/,(o-) o « = To- for all a G N^^. 
Hence a extends to a continuous automorphism of K. By construction a{G{S)) = G{T) and 
so a{G{S)) = G{T). It follows from Theorem [1] that the Cartan subalgebras C{S) and C{T) 
are conjugate by an automorphism of M. 

To prove the second statement, assume that S admits an infinite path and that the Cartan 
subalgebras C{S) and C{T) are conjugate by an automorphism of M. By Theorem [1] we get a 
continuous automorphism a oi K such that a(A) = A and a{A.G{S)) = AG{T). It follows that 
a{G{S)) is commensurate with G{T) and that a{G{S) D A) is commensurate with G{T) D A. 
We conclude that a{G{S)) and G{T) are commensurate. 

Let (xiX2 • • • ) be an infinite path in S. Define ^fo = 5q and gi = ^(aji-.-x,)- -^y construction, gi is 
a sequence of elements in G{S) such that for all i we have that gi is divisible by all the powers 
of p2i and that ^j+i — gi is divisible by all the powers of P2i+i- Denote by A^ < 00 the index of 
a{G{S))riG(T) in G(T). Then Na{go),Na{gi),Na{g2),- " is a sequence of elements in G(T) 
satisfying the same divisibility conditions. It follows from |DM07[ Lemma 2.2] that the tree T 
admits an infinite path. D 

Remark 14. Theorem [2] provides examples of IIi factors M such that the equivalence relation 
given by "being conjugate by an automorphism" on the set of Cartan subalgebras of M, is 
complete analytic. This is a mathematically rigorous way of saying that the decision problem 
whether two Cartan subalgebras of M are conjugate by an automorphism, is as hard as it 
can possibly be. The decision problem whether two Cartan subalgebras of M are unitarily 
conjugate is strictly easier. Indeed, Popa's unitary conjugacy criterion in |PoOH Theorem A.l] 
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is rather concrete and, as we have seen in Proposition [T^ shows that unitary conjugacy of 
Cartan subalgebras is always Borel. The fact that conjugacy by an automorphism can be 
complete analytic shows that there can never be a similar concrete criterion for conjugacy of 
Cartan subalgebras by an automorphism. 

There are also other mathematically rigorous undecidability and non classifiability statements. 
It sounds plausible that there exist IIi factors M for which the Cartan subalgebras cannot 
be classified by countable structures. Entirely new techniques would however be needed to 
construct such IIi factors. Indeed, the Cartan subalgebras, up to any kind of conjugacy, given 
by the admissible subgroups associated with a pair A C K, are by definition classifiable by 
countable structures. 

As far as we know, it is still an open problem whether or not the isomorphism relation on 
countable abelian groups is universal among the equivalence relations that are classifiable by 
countable structures. If this problem can be solved in the affirmative, it is very likely that 
a technique similar to Theorem [2] will provide IIi factors M for which the classification of 
Cartan subalgebras up to conjugacy by an automorphism, is in the same sense universal among 
equivalence relations that are classifiable by countable structures. 

5 Factors with many group measure space Cartan subalgebras 

In this section we prove Theorem HI We actually construct a concrete group G and a concrete 
uncountable family G r\ {Xjr,fijr), indexed by all possible subsets J^ C N, of free ergodic 
p.m. p. actions that are non stably orbit equivalent and that give rise to isomorphic crossed 
product III factors. 

The basic idea is due to |Po06bl Section 6.1] yielding the following concrete example of two 
group actions H r> {Xi,fii), i = 1,2, that are not orbit equivalent (although stably orbit 
equivalent) and yet have L°°(Xi) ya H = L°°(X2) x H. Let Hq be a finite non commutative 
group. Define the infinite direct sum Hi := H^ with compactification K := Hq. Consider 
the action Hi nv K hy left translation. Define Xi := Ji^SL(3,z) ^^^^ consider the action of 
H := SL(3, Z) X Hi on Xi where SL(3, Z) acts by Bernoulli shift and Hi acts diagonally. Take 
the first copy of Hq in Hi and put X2 := Xi/Hq. We have a natural action of H = H/Hq on 
X2. By construction H r\ X2 is stably orbit equivalent (with compression constant |i/o|~^) 
with H r\ Xi. Put M = L°°(Xi) x H. In [PoOGbl Section 6.1] it is shown that M has 
fundamental group M+ , while the orbit equivalence relation oi H r\ Xi has trivial fundamental 
group. Hence L°^(Xi) x if ^ L°°(X2) x H although H rx Xi and H n. X2 are not orbit 
equivalent. 

We call two free ergodic p.m. p. actions W*-equivalent if their associated group measure space 
III factors are isomorphic. 

We now perform the following general construction. We start with two free ergodic p.m. p. 
actions H r\ Xi, i = 1,2, that are not orbit equivalent but that are W*-equivalent, and we 
construct a group G with uncountably many non stably orbit equivalent but W*-equivalent 
actions. 

Assume that P is a countable group and that P^ < P is a sequence of subgroups of infinite 
index. Define the disjoint union / := [J„gj^ P/Pn with the natural action T r\ I. To avoid 
trivialities, assume that F r\ I is faithful, i.e. the intersection of all gVng^^, 5 € P, n S N, 
reduces to {e}. Define the generalized wreath product group 

G := HliT = H^^^ X P . 
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Whenever J^ C N, define the space 

xr := n ^r^'" X n ^'/'" • 

Taking an infinite product of copies of the action H r^ Xi, we get an action H^^'^"' r\ X- ". 
Taking a further infinite product of these actions over n £ J- (with i = 1) and n E N — J-" (with 
i = 2), we obtain an action of H^^^ on Xjr. This action is compatible with the Bernoulh shift 
of r on Xjr. So we have constructed a free ergodic p.m. p. action 

gKx^ . 

Denoting M ■.= L°°{Xi) x i? = L°°(X2) x F, it is easily checked that 

L°°{Xjr) X G = (^M) X r where T acts on ^M by shifting the indices. 

Hence all the actions G r\ Xjr are W*-equivalent. 

Theorem m is an immediate consequence of the following more concrete result, showing that 
under the right assumptions, the actions ajr are mutually non stably orbit equivalent. We did 
not try to formulate the most general conditions under which such a result holds, but provide 
a concrete example of r„ < F for which the proof is rather straightforward. 

Proposition 15. Consider the group actions H r\ Xi, i = 1,2, defined above: H r\ Xi are 
W* -equivalent, non orbit equivalent and H is a residually finite group. Define the field 

K :=Q{^/R\ nGN) 

by adding all square roots of positive integers to Q. For all n >2 we put K^ '■= Q(\/^)- Define 
the countable group T := PSL(4, K) and the sequence of subgroups 

Tn := {aA \ a £ K , A is an upper triangular matrix with entries in K^ , det(oA) = 1 } . 

As above we put I = |J„>2 T/F^ and G = H l£ T. For every subset J^ C N — {0, 1}, we are 
given the action aj of G on Xj. 

The actions ajr and aji are stably orbit equivalent iff T = T' . 
We freely make use of the following properties of F„ < F. 

• F is a simple group. In particular, F has no non trivial amenable quotients. 

• The subgroups F„ are amenable. 

• If n > 2 and g G F — F„, then (7F„5r~^nF„ has infinite index in F„, i.e. the quasi-normalizer 
of F„ inside F equals F„. Equivalently: F„ acts with infinite orbits on F/F„ — {eF„}. 

• If n 7^ m and b £ Aut F, then (5(F„)nFm has infinite index in F^. This follows because the 
automorphism group of F is generated by the inner automorphisms, the automorphisms 
given by automorphisms of the field K and the automorphism transpose-inverse, and 
because every field automorphism of K globally preserves every Kn- 

• The previous two items imply that (Stabi) • j is infinite for all i ^ j. 
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We also use the following lemma. It is a baby version of similar von Neumann algebra results 
(see |Po031 Theorem 4.1], |Io061 Theorem 0.1] and [IPVlOl Theorem 4.2]). Our lemma is also 
closely related to |CSV09t Theorem 6.7]. We include a short and elementary proof for the 
convenience of the reader. 

Lemma 16. Let T r\ I be any action of a countable group T by permutations of a countable set 
I. Let H be any countable group and put G := H Ij T. Assume that A < G is a subgroup with 
the relative property (T). Then either a finite index subgroup of A is contained in H Ij Stabi 
for some i £ I, or there exists a g £ G such that gAg^^ C T. 

Proof. Define the unitary representation vr : G — )• hl{l'^{H x /)) given by 

{'K{h)0{k,i)=i{h-^k,i) if/iGi7(^),and {Ti{-i)0{k,i) = i{k,-f-^ ■ i) if 7 G T. 

Define the function 

iT.HxL^C:i^{k,t) = \\ l\=J' 

10 if K 7^ e. 

The formal expression b{g) := iT{g)r] — r] provides a well defined 1-cocycle of G with values in 
£'^{H X /). Since A < G has the relative property (T), the 1-cocycle b is inner on A. So we find 
^ £ ^■{H X I) satisfying 

6(A) = 7r(A)^ -i for all A e A . 

Denote by (5/i : -ff — )• C the function that equals 1 in /i and elsewhere. We get that 

i{k,i)=i{hr^k,-^-^ ■i)-5e{h-^k)+5e{k) for all {h,j) £ A , k £ H , i £ L . 

For every i £ I, we write ^j S i'^{H) given by ^i{k) = £,{k,i). We also denote by {Xh)heH the 
left regular representation of H on (?{H). The above formula becomes 

ii = XhA-r^.^ - ^h, + ^^ fo^ all (/i, 7) E A , i G / . (7) 

Since ^ G l'^{H x /), it follows that ||^j|| — )• as i — >• 00. Assume that finite index subgroups 
of A are never contained in H Ij Stabi. We then find a sequence (/in)7n) S A such that for 
alH G / we have that 7"^ • i — )• 00 as n — )• (X). Denote by V C 1^{H) the subset of vectors 
V := {5e - 5h \ h £ H}. Note that V C ^^(N) is closed. We apply dZD to {hn,ln) S A and 
let n — )• 00. Since ||C^-i.J| — )• 0, we conclude that ii £ V for every i £ I. Denote by 6, £ H 
the unique element such that Ci = ^e — ^br Since ||^i|| — >• as i — )■ 00, we conclude that bi = e 
for all but finitely many i £ I. So b := {bi)i^i is a well defined element of H^ ' . Formula ([7]) 
becomes 

b~ hi 6^-i.j = e for all {h,j) £ A , i £ I , 

which precisely means that 6~^A6 C F. D 

We can now prove Proposition 1151 We use the terminology and conventions concerning stable 
orbit equivalences that we introduced after Remark [71 

Proof. Let J^,T' C N — {0, 1} be subsets. Assume that A : Xjr — ;. Xjn is a stable orbit 
equivalence with corresponding Zimmer 1-cocycle 

CO : G X Xjr — )• G , A{g ■ x) = uj{g, x) • A(x) for all g £ G and a.e. x £ Xjr. 

Since both Xi and X2 are standard non atomic probability spaces, the restriction of the action 
G r\ Xjr to F is the generalized Bernoulli action F r^ [0, 1]^. Note that its further restriction 
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to the property (T) group A := PSL(4, Z) <T is weakly mixing, since A- i is infinite for every 
i £ I. By Popa's cocycle superrigidity theorem |Po05l Theorem 0.1] we can replace A by a 
similar stable orbit equivalence and assume that uj{X,x) = 6{X) for all A G A and a.e. x G Xjr, 
where 5 : A — )• G is a group homomorphism. 

For all i,j £ {1, 2, 3, 4} denote by Cij the matrix having 1 in position ij and elsewhere. Define, 
for i ^ j and k € K, the elementary matrix Eij{k) = l+kcij. The elementary subgroups Eij{K) 
generate F. Given distinct i, j G {1, 2, 3, 4}, denote by i', j' the remaining elements of {1, 2, 3, 4} 
and denote by Ajj the subgroup of A generated by Eiiji{Z) and Ejiii{Z). Note that Ajj is non 
amenable and that Aij commutes with Eij{K). Since Ajj r\ Xjr is weakly mixing and w is a 
homomorphism on Ajj, |Po051 Proposition 3.6] implies that a; is a homomorphism on Eij{K). 
Since this holds for all i ^ j, we conclude that a; is a homomorphism on the whole of F. Denote 
this homomorphism by 5 : F — )• G. 

Since F is simple, 5 is injective. Recall that G = H Ij T. We shall prove that there exists a 
g ^ G such that g6{r)g~^ C F. Denote by F12 the copy of PSL(2, K) inside F generated by 
EuiK) and E2i{K). We first claim that there is no i G I such that 5(Fi2) C H Ij Stabz. 
Assume the contrary. Denote by vr : G — )• F the natural quotient map. Since F12 is simple and 
non amenable, 7r((5(Fi2)) C Stabi must be the trivial group. So, S(Ti2) C H^^K Since H is 
residually finite and 6 is injective, this is absurd. This proves the claim. Since F12 has no non 
trivial finite index subgroups, we only retain the existence of 7^ G F12 such that for all i £ I 
we have that 7r((5(7„)) • i — )• 00 as n — )• 00. 

We next claim that there is no finite index subgroup Aq < A and i G / with 5{Aq) C Hlj Stahi. 
To prove this claim, assume the contrary. Since Stabi is amenable and Aq has property (T), 
it follows that 7r((5(Ao)) is finite. So making Aq smaller but still of finite index, we get that 
(5(Ao) C H^ ' . Since Aq is finitely generated, we can take I\ <Z I finite such that <5(Ao) C H^^>. 
Recall the subgroup A12 < A that commutes with the subgroup F12 < F that we considered 
in the previous paragraph. Also recall that we have found elements 7^ G F12 such that for all 
i G / we have that 71(5(7^)) • i — )• 00 as n — )• 00. Since 5{Aq n A12) C H^^^\ we have 

<5(7n) 5(Ao n A12) 5(7n)~' G i/(-W7n))-/i) . 

Since 7„ and A12 commute, the left hand side equals 5{Aq n A12). Letting n — )• 00, the sets 
7r((5(7„)) • /i and /i are eventually disjoint. We conclude that 5{Aq n A12) = {e}. Since Aq < A 
has finite index, the group Aq n A12 is infinite, contradicting the injectivity of 6. 

Combining the claim that we proved in the previous paragraph with Lemma [TUl we can conju- 
gate 5^ replace A by a similar stable orbit equivalence and assume that (5(A) C F. For all i,j 
we know that 5{Aij) is a non amenable subgroup of F. Therefore 6{Aij) ■ k is infinite for all 
k £ I and the centralizer of d{Aij) inside G is a subgroup of F. Therefore 6{Eij(K)) C F for 
all i,j. Hence, (5(F) C F. 

We can perform a similar reasoning on the generalized inverse stable orbit equivalence A : 
Xjri — ). Xjr and may assume that A{g ■ x) = S{g) ■ A{x) for all (7 G F and a.e. x G Xjn, where 
5 : F — )■ F is an injective group homomorphism. By definition A(A(2;)) £ G ■ x for a.e. x G Xjr. 
So we find a measurable function ip : Xjr — >■ G such that A(A(x)) = (p{x) • x for a.e. x G Xjr. 
It follows that 

ip{g ■ x) = 6{6{g)) (p{x) g^ for all 5 G F and a.e. x G Xjr . 

So the non negligible subset {(x, x') G Xjr x Xjr \ (p{x) = (p{x')} is invariant under the diagonal 
F-action. Since F r\ Xjr is weakly mixing, we conclude that 99 is essentially constant. This 
constant value necessarily belongs to F and we conclude that 5 o (5 is an inner automorphism of 
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r. A similar reasoning holds for 60S. In particular A(r ■ x) = T ■ A{x) for a.e. x E Xjr. Lemma 
[8] implies that A is a measure space isomorphism of Xjr onto Xjr/ and that A is a 5-conjugacy 
of the respective F-actions. In particular, the compression constant of A equals 1. 

Denote 

if i G r/r„, and n £ J^ , 

if i G r/r„ and n ^ T . 



xy-.-- 



By construction, Xjr = Hie/ ^t ^^^ similarly for Xjn . 

By |PV091 Lemma 6.15] the c^-conjugacy A necessarily decomposes as a product of measure 
space isomorphisms. More precisely, we find a permutation -q of the set / and measure space 
isomorphisms Aj : Xjr — )■ X'^, such that 

ri{g ■ i) = 5{g) ■ rj{i) and A(j;)^(j) = Aj(xj) for all 5^ G F and a.e. x G Xjr. 

Since r/ preserves the orbits of F r% I, it defines a permutation 77 of N such that r/(i) G F/Fjj(„) 

iff i G F/F„. Also Aj only depends on the orbit of i, yielding A„ : Xjr — )■ X^, whenever 

i G F/F„. 

Note that (5(Stabi) = Stabr7(i). For all n / m and all 5 G AutF we have that (5(F„) / F^- 
Hence ry is the identity. Denote by W the copy of H in H^ ' sitting in position i. Fix n G N 
and i G F/F„. Put j := r/(i) and note that j G F/F„. Since the quasi-normalizer of F„ inside 
F equals F„ and since F„ acts with infinite orbits on F/F^ for all rn, 7^ n, it follows that the 
action 

Stab i r> Jl Xj, 

is weakly mixing. Since the 1-cocycle cj is a homomorphism on Stabi and H^ commutes 
with Stabi, it follows from [Po05l Proposition 3.6] that for all h G -?/*, the map x 1— )• uj{h,x) 
only depends on the coordinate Xi and that u}(h,x) commutes with 5(Stabi) = Stabj. Since 
(Stabj) • k is infinite for all k ^ j and since Stabj < F has a trivial centralizer in F, it 
follows that u}{h,x) G H^ . A similar reasoning holds for the inverse 1-cocycle and we conclude 
that A^ : Xjr — )• Xj^, is an orbit equivalence between H r\ Xjr and H r\ Xj^,. Since both 
i,j G F/F„ and since the actions H r\ Xi and H r\ X2 are not orbit equivalent, it follows that 
either n belongs to both J^ and J-"' or that n belongs to both N — J-" and N — J-' . This holds for 
all n and we conclude that T = T' . D 
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